The collapse of Lennard-Jones homopolymers is investigated by means of Monte Carlo simulations and the inherent structure/superposition approach, with special emphasis on finite size effects. At thermal equilibrium, the polymers undergo a series of phase changes from the zero temperature folded state to a coexistence state, a molten globule state, the coil state, and finally to a high-temperature ''soft'' state where the bond lengths vary significantly from their equilibrium value. The correlation between the thermodynamic characteristics of the polymers and those of clusters is interpreted in terms of the energy landscapes of the two systems.
INTRODUCTION
Since its prediction by Stockmayer as early as 1960, 1 polymer collapse has remained a subject of intense experimental 2 and theoretical [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] research. Collapse is usually induced by decreasing the affinity of the polymer with the solvent, which can be done either by varying the solvent itself or by changing the experimental conditions, temperature, pressure, or pH, for instance. As such, it is not only a property of the simplest homopolymers, but is indeed observed in systems as complex as proteins and even DNA.
From the theoretical point of view, one convenient way of studying polymer collapse is to focus on the thermodynamic properties of single, unsolvated homopolymers, and then to rely on the usual methods of statistical mechanics. For short chains ͑about five monomers͒ the partition function can be determined exactly. 6 At the other extreme, scaling laws are valid for long chains. 18 Alternatively, techniques from liquid theory, especially integral equations, have been applied to simple polymers. 19 However, all these analytical results have failed to reproduce the more complicated behavior predicted by simulations. In many numerical experiments, a ''freezing'' phase transition has been observed, accompanied by the expected features in thermodynamic properties such as the heat capacity. 4, 5, [7] [8] [9] 11 For stiff chains the polymer typically folds into a rodlike shape with sections of the chain in a parallel orientation, as in the crystal, [12] [13] [14] [15] or forms a toroid 16, 17 depending on the nature of the stiffness. However, for flexible polymers, the focus of the current work, the phenomenology is much less clear. An important step was made by comparing the freezing of polymers to that in atomic clusters. [7] [8] [9] One conclusion of this work is that the polymer freezing transition is first order in character, albeit rounded by finite-size effects, in a manner similar to that observed in clusters. 20, 21 In contrast, the collapse transition is continuous, or second order.
Simulation results are still controversial, as illustrated by recent studies in which qualitatively different conclusions were obtained even though sophisticated algorithms were employed. For example, using simulated and parallel tempering Monte Carlo ͑MC͒ simulations, Irbäck and Sandelin 5 reported only a very weak influence of the polymer size on the heat capacity peak at freezing. On the contrary, the multicanonical MC simulations of Liang and Chen 9 were in agreement with the previous results by Zhou et al., 7, 8 and in particular they predicted a bimodal energy distribution near the freezing temperature, characteristic of a first-order phase change involving dynamical coexistence. 20, 21 These differences are somewhat surprising considering how similar the systems studied by the two groups are. However, both groups studied polymers of different sizes, and it is well known in cluster physics that nonmonotonic variations of the properties with size are expected in the small size regime. 22 From a general point of view, the global thermodynamic behavior is governed by the underlying potential energy landscape. The lowest-energy minimum is especially important, particularly at low temperature. Indeed, as noted by Irbäck and Sandelin, 5 a key part of the problem lies in the structure of the polymers in the low temperature phase. In cluster physics, the relationship between the stable structures and the melting phase change has been known for quite a long time, 23 and the complex size effects can be related to the features of the energy landscape.
Our goal in this article is to investigate the polymer collapse process for Lennard-Jones ͑LJ͒ systems in the intermediate size range where strong size effects are expected. We will pay special attention to the low-temperature stable states by performing some careful global optimization of the polymer structure. The general properties of the energy landscape will be interpreted using disconnectivity graphs. Our comparison with LJ clusters will then allow us to sketch a general diagram of the stability of the various phases that these polymers can exhibit as a function of their size and temperature.
POLYMER OPTIMISATION AND CALORIC CURVES
Our model consists of n identical beads held together by Lennard-Jones forces and harmonic springs to form the polymer. The potential energy function, V, thus reads, in LJ reduced units,
The constant parameter k is assigned the value kϭ20, and r 0 will be most often taken as r 0 ϭ2
, the pair equilibrium distance of the LJ potential. The latter choice avoids the extra complications that arise in the thermodynamic behavior when other values are used. 6 As will be seen below, varying r 0 around this value can significantly affect the energy landscape, and the low-temperature thermodynamics. We have selected several polymer sizes in the range 7рnр147, at sizes where LJ clusters are known to exhibit interesting thermodynamic properties. 24 -26 As a starting point, we have investigated the low-energy structures of the polymers, and we have designed a two-step global optimization algorithm for this purpose. Remarkably, a much larger effort has been devoted to finding the global minima in clusters than in polymers. Noteworthy methods include those by Higgs and Orland in which the polymer is grown progressively according to Boltzmann weights, 27 and by Frauenkron et al. making use of the pruned-enriched Rosenbluth method. 28 Our approach is based on noticing that the potential energy is minimal when both V cluster and V chain are minimal. Therefore, a low-energy state for the cluster will remain ͑close to͒ a low-energy state of the polymer, provided that one finds a suitable topology of the polymer bonds that also minimizes V chain . The strategy we have adopted simply follows from this observation, and consists of searching for the polymer global minimum among the various possible chain pathways, given a fixed cluster structure. A set of cluster geometries is first obtained using the basin-hopping algorithm, 29 which appears to be very efficient for this task. We are then left with the problem of minimizing V chain in the discrete space of all polymer topologies on the cluster lattice. This traveling-salesman-type problem was again tackled using a basin-hopping-type approach. The discrete space was explored using Metropolis MC with acceptance based on the value of V chain . Local permutation moves, as well as more global moves involving four permutations in a row, were employed. For each structure, 10 7 permutation moves were performed, and the polymer was quenched using the full potential V every 10 3 moves. These local optimizations are computationally inexpensive because the system is already very close to a stable minimum.
The algorithm described above has been tested on small polymers with nϽ20, for which a complete enumeration of all chain topologies is possible for a given structure. Even for only 13 monomers, the enumeration based on the icosahedron yields more than 10 5 different topologies, and this number is likely to grow exponentially with size. Thus, we expect our optimization method to be especially useful for larger sizes. We have been able to locate the global minima in all the test cases, and found that these minima do in fact coincide with the cluster global minima. 29, 30 In particular, the 13-, 31-, 55-, and 147-mer global minima are based on icosahedral packings, while the 38-mer global minimum is based on a truncated octahedron.
We now turn to the thermodynamic properties. We have used parallel tempering Monte Carlo 31 in the temperature range 0.01рTр2, with 50 parallel simulations providing regularly distributed potential energy histograms. Parallel tempering exchanges were attempted with 10% probability, and the simulation length was 10 7 MC cycles per temperature following 10 6 equilibration cycles. The histogram reweighting method 20, 32 provided the heat capacity curve in the canonical ensemble over a broad temperature range.
The heat capacities of the three sizes nϭ13, 31, and 38 are shown in Fig. 1͑a͒ . They are in general agreement with previous work, [6] [7] [8] [9] and exhibit a main peak located near T ϳ0.35 for nϭ13 and 31, and Tϳ0.22 for nϭ38. For n ϭ31, a smaller preliminary peak can be seen near Tϳ0.12.
Both the nonmonotonic variations of this transition temperature and the subsidiary heat capacity peak are reminiscent of cluster size effects. 23, 26 For example, the small peak for the 31-mer chain can be interpreted as the result of isomerization between different icosahedral arrangements. 24 In the same fashion, we predict the 38-mer to exhibit a solid-solid phase change corresponding to fcc and icosahedral states in equilibrium. 25 The shoulder in the heat capacity seen in the cluster is hardly visible here, which may be due to a lack of statistics. Alternatively, the introduction of V chain changes the relative vibrational entropies, which may also lead to a displacement of the transition, perhaps to above T m . Such displacement would be consistent with the observation that the preliminary transition for nϭ31 is also higher for the polymer than for the cluster. 27 The thermodynamics of the two largest sizes, nϭ55 and 147, can be analyzed from the heat capacities of Fig. 1͑b͒ . Another interesting feature shared by clusters and polymers of the same size is the stronger thermal resistance of these ''magic'' sizes, whose structures correspond to complete Mackay icosahedra. The heat capacity becomes more sharply peaked as size increases, and the peak reaches higher and higher values. The area under the peak smoothly increases towards a bulk limit, which corresponds to the latent heat of melting, and the heat capacity becomes a delta function. The observed thermodynamic behavior is indicative of a firstorder transition. Further support for this conclusion can be found in the canonical probability distribution of the potential energy, which is bimodal for nϭ55 and 147, as is the case for the LJ 55 and LJ 147 clusters. 20 However, we did not find evidence for such bimodality in the three other sizes n ϭ13, 31, and 38. These results are not in contradiction with the first-order character of the transition, but rather reflect the nonmonotonic dependence of the thermodynamics, and the energy landscape, on size for small systems. 26, 33 The collapse transition can barely be seen in the heat capacity curves, and only a small shoulder is visible at T ϳ0.8 (nϭ13), 1.2 (nϭ31,38), and 1.8 (nϭ55). Additional simulations show that a similar shoulder occurs for nϭ147 at TϷ2. 5 . These values are in general agreement with the data reported by Irbäck and Sandelin. 5 This transition would be easier to distinguish if the harmonic springs were rigid, since, in the limit k→ϱ, the configurational heat capacity should tend to zero at high temperatures. In our case, the partition function for V chain can be calculated analytically ͑see the Appendix͒, and the configurational part of the heat capacity behaves like C v (T)/nӍk B /2ϩ2k B T/T* at low temperature, and reaches the Dulong-Petit limit of C v (T)/n Ӎ3k B /2 at high temperature. For a free diatomic molecule the configurational contribution to the heat capacity in the classical limit is k B /2 at low temperature and zero once the molecule has dissociated. However, a harmonic bond does not dissociate, even at high temperature, and the two Hessian eigenvalues corresponding to rotation are both 34 2k(1Ϫr 0 /r) for a bond length of r. At low temperature r Ϸr 0 , the quadratic terms in the Hamiltonian corresponding to rotations are small, and this contribution to the heat capacity may be neglected. However, at sufficiently high temperatures, where k B Tӷkr 0 2 , this rigid-rotor approximation breaks down, and so the rotations contribute two extra quadratic terms to the configurational part of the Hamiltonian. The configurational heat capacity per bond therefore tends to 3k B /2. The characteristic temperature T*ϭkr 0 2 /k B marks the onset of the release of the constraint on the bond length; we will refer to this limit as the ''soft'' state. The dependence of T* on k and r 0 can be derived from dimensional analysis, and the actual value is derived in the Appendix.
Because many simulations are required to sample the low-temperature equilibrium, it is difficult to get clear caloric curves below Tϳ0.01 for the small sizes, and below T ϳ0.05 for nϭ147. At such temperatures, only a few isomers are expected to contribute to the heat capacity, and so we illustrate how C v can be estimated for a small system (nϭ7) using the harmonic superposition approximation, 35, 36 also known as the inherent structure approach. The heat capacities for the cluster, the chain polymer, and the ring polymer ͑for which the two ends are connected͒ are plotted in Fig. 2͑a͒ .
The polymers exhibit several peaks, and the hightemperature peak corresponds to the freezing transition seen for clusters. The low-temperature peak occurring below T ϳ10 Ϫ3 is the signature of a transition from the global minimum, which has the correct cluster structure and the correct chain topology, to a set of slightly higher energy isomers, which have the same cluster structure but different chain topologies. This transition may be referred to as the true folding transition. As we see for the chain polymer, there may even be several of these transitions in a rather narrow temperature range. For nϭ7 the height of the peak associ- . ͑b͒ Chain polymers with r 0 ϭ0.85, 1, 1.3, and 1.5. Note the logarithmic scale in the abscissa axes.
ated with this transition is of the same order as that for melting, even though the latent heat is extremely small, because the transition occurs over a very narrow temperature range. This type of transition has been previously identified by Taylor for a 5-mer, which is the smallest polymer for which distinguishable chain topologies are possible. 6 In Fig. 2͑b͒ , we have represented the low-temperature heat capacities calculated from the harmonic superposition approximation for the 7-mer chain, but with different values of the equilibrium bond length distance r 0 , namely, r 0 ϭ0.85, 1, 1.3, and 1.5. Most previous work on LJ homopolymers has used r 0 ϭ1. Except for the largest r 0 ϭ1.5, the thermodynamical behavior is only qualitatively affected at very low temperatures, and changing r 0 appears as a perturbation with respect to the reference value 2 1/6 . In particular, the main peak corresponding to the solid-liquid transition does not change significantly. Thus we do not expect significant changes to the simulation results presented in Fig. 1 if r 0 is set to 1. Instead, the main effect of these changes is to modify the relative energies of the nearly degenerate isomers that have the same cluster structure but different chain topologies. This leads to a displacement of the low temperature heat capacity peak and its splitting into multiple peaks. At r 0 ϭ1.5, new bonds are formed across the polymer, and the stable structures can no longer be mapped onto the four existing cluster structures. The melting peak, despite being located at the same temperature as for the smaller values of r 0 , is now much larger. As will be explored next, the geometrical constraints also induce some important changes in the energy landscapes.
ENERGY LANDSCAPES
Lennard-Jones clusters and polymers show significant similarities in their thermodynamic behavior, but also several qualitative differences. To further interpret these differences, we have investigated representative energy landscapes for both systems, and have constructed disconnectivity graphs using sets of minima and transition states located by eigenvector following. 33 For more details concerning disconnectivity graphs and how they are constructed, we refer the reader to the review article Ref. 33 . Again, we have chosen to focus on a rather small size (nϭ7) for which we can find all the minima and transition states. The disconnectivity graphs for the cluster, the ring polymer, and the chain polymer with r 0 ϭ2 1/6 are shown in Fig. 3 . The graphs provide a representation of the barriers on the potential energy landscape by showing, at a series of energy levels, which minima are connected.
A clear separation of energy scales is apparent from the polymer disconnectivity graphs. The energy differences between minima that have the same cluster structure but different chain topologies are indiscernible in Fig. 3 . In fact, they are two orders of magnitude smaller than the energy differences between minima with different cluster structures. Hence the spectrum of energies for the local minima in all three systems is essentially the same, aside from the chain topology degeneracy factor, and the cluster spectrum can be viewed as the coarse-grained spectrum of the polymers. The polymer isomers can be mapped onto the cluster isomers, aside from a few unstable high energy minima that involve a bond stretched between atoms that are not nearest neighbors. These minima lie above the energy range depicted in Fig. 3 .
This separation of energy scales has a number of consequences. First, the complexity of global optimization can be much reduced by separately optimizing the cluster structure and the chain topology, as we have done. A similar separation of angular and translational degrees of freedom has previously been exploited in global optimization of water clusters. 37 Second, there is a separation of temperature scales in the thermodynamics. The temperature of the folding transition to a unique chain topology is two to three orders of magnitude smaller than that of the solid-liquid transition. However, these features do not lead to a separation in time scales for changes in chain topology and cluster structure because the corresponding barriers are similar, as is apparent from the disconnectivity graphs. As a consequence, cooling the polymer below the folding temperature is likely to trap it in a local minimum that is not the true global minimum with the correct fold, because T fold lies well below T glass , the temperature at which structural arrest occurs. In contrast, proteinlike heteropolymers are able to fold to the native state easily when T fold /T glass is large. 38 Thus LJ homopolymers cannot be expected to behave ergodically at low temperatures. Even using sophisticated simulation algorithms it will be hard to obtain the equilibrium behavior at low temperature. The different results found by Irbäck and Sandelin 5 and by Liang and Chen 9 may be the consequence of such effects. The number of topologically distinct polymers for a given structure is much larger for the open chain than for the ring-the relevant topologies of the ring polymer are a subset of those for the open chain. For this reason the heat capacity peak at T fold is smaller for the ring polymer.
The disconnectivity graphs of Fig. 3 explain both why the polymers exhibit an extra-low-temperature transition and why the same qualitative features may be expected in clusters and polymers near the freezing temperature. The remaining quantitative differences mainly result from the different entropies, symmetry factors, vibrational frequencies and, to some extent, anharmonicities. In the high-temperature regime, above the collapse temperature, the graphs are of less interest as the extended conformations do not correspond to stable local minima on the energy landscape.
When r 0 is assigned values other than 2 1/6 , the energy landscape can display some quantitative changes, and can even show a different picture for large values of r 0 . In Fig. 4 we have represented the disconnectivity graphs for the 7-mer chain at r 0 ϭ0.85, 1, 1.3, and 1.5. For r 0 ϭ0.85 and 1, the disconnectivity graphs are very similar to that for r 0 ϭ2 1/6 . The differences in energy between those isomers with the same cluster structure are now discernible, however there is still a clear separation of energy scales. This slight lifting of the near degeneracy results from the distortions to the ideal cluster structure that are now necessary in order to accomodate the mismatch between the bond lengths and the ideal LJ contact distance. For r 0 Ͼ2 1/6 , those isomers that involved stretched bonds decrease in energy. At r 0 ϭ1.3 they have begun to enter the energy range depicted in the disconnectivity graph, and so the graph looks significantly different from r 0 ϭ2 1/6 . However, they are still too high in energy to affect the thermodynamics of melting. By contrast, for r 0 ϭ1.5, those isomers with bonds between next-nearest neighbors now predominate at low energies, and so there is no correspondence between the behavior of this polymer and that for lower r 0 .
The information obtained from the simulation, the disconnectivity graphs, and from cluster thermodynamics allows us to sketch a general diagram representing the stable phase of a LJ homopolymer of a given size as a function of temperature ͑see Fig. 5͒ . This diagram holds not only for r 0 ϭ2 1/6 , but at least for the entire range 0.85рr 0 р1.3. At Tϭ0, the polymer is folded into a specific cluster structure and it has the topology that minimizes the total potential energy. A small increase in temperature above T fold gives access to all other relevant topologies of the same cluster structure, provided the system is ergodic. When the polymer is heated, a melting transition takes place over a finite temperature range centered at TϭT m . This solid-liquid transition may be preceded by multiple isomerizations or solidsolid transitions. Upon further heating, the polymer undergoes a collapse transition from molten globule to coil at TϭT . Finally, at a much higher temperature TϭT*, all degrees of freedom of the polymer become active again and the system is ''soft.'' T m and T are expected to increase with size and asymptotically reach the thermodynamic limit. Assuming that the energy gap between the global minimum and the corresponding minima with different chain topologies does not increase exponentially, then T fold should tend to zero with increasing size because the degeneracy of the global minimum will increase rapidly. In contrast, T* does not depend on size.
CONCLUSION
The collapse transition in Lennard-Jones homopolymers displays a rather complex phenomenology, and involves several phases and phase changes leading from the folded state to the soft, extended state. The stable geometries of the polymers correspond to local minima of the corresponding LJ cluster, but with many possible chain topologies for a given structure. These quasi-degenerate minima produce a very low folding temperature and the likely trapping of the polymer in metastable states upon cooling from the coil. The glassy dynamics resulting from this trapping makes the simulation challenging, or even nearly impossible for large systems containing more than 100 monomers and a huge number of possible polymer pathways in their lowest-energy structure. In these cases, as for nϭ147 in the present work, we expect the numerical results to be reliable only at moderate temperatures Tտ0.05. At very low temperatures, the inherent structure approach is a convenient way to avoid the quasi-ergodicity problems, but it requires one to search the deepest parts of the energy landscape quite thoroughly.
At higher temperatures, the polymers also undergo a rigid to liquid phase change similar to cluster melting, which is also characterized by strong, nonmonotonic size effects and possible phase coexistence. Our study provides further evidence that the melting transition is first-order-like, while collapse is closer to a continuous transition.
We have focused on a cluster approach to polymer thermodynamics, which has allowed us to elucidate the size effects. Further insight was provided by comparing the disconnectivity graphs of polymers and clusters of the same size. In particular, taking the bond length equilibrium distance equal to the Lennard-Jones equilibrium distance minimizes the effects of the continuum configuration space on the stable en-ergy levels. This choice is therefore justified if one wants to compare with lattice systems.
The present work could be extended to other types of polymers, interacting via more complex energy functions. A straightforward step, for instance, would be to study LJ heteropolymers which bear more resemblance to biomolecular systems, and for which we can expect a much richer collapse phenomenology. 
APPENDIX: CALCULATION OF THE HEAT CAPACITY FOR THE FLEXIBLE POLYMER CHAIN
The Hamiltonian of the complete system ͑bond ϩLennard-Jones interactions͒ includes the sum of the corresponding two energy functions. At high temperatures, the LJ potential acts only weakly and the monomers would evaporate without the bonding energy. To a good approximation, the LJ interaction can then be neglected with respect to the harmonic chain term. In that case, the heat capacity can be calculated exactly. To do this we write the Hamiltonian for Nϩ1 monomers as The integral over the last position variable, q 1 in the configuration integral, diverges as the volume unless we fix this point in space. Hence, the final results for a polymer of Nϩ1 beads with one end fixed can be obtained by multiplying the above results by N.
The temperature T* determines the low-and hightemperature limits of validity of the above formulas, and we do indeed observe a transition around TϭT*ϭ20ϫ2 1/3 in the present simulations. The real transition temperature is slightly bigger than T* because the Lennard-Jones potential is included between bonded atoms. 
